We introduce and study conformal field theories specified by W −algebras commuting with certain set of screening charges. These CFT's possess perturbations which define integrable QFT's. We establish that these QFT's have local and non-local Integrals of Motion and admit the perturbation theory in the weak coupling region. We construct factorized scattering theory which is consistent with non-local Integrals of Motion and perturbation theory. In the strong coupling limit the S−matrix of this QFT tends to the scattering matrix of the O(N ) sigma model. The perturbation theory, Bethe anzatz technique, renormalization group approach and methods of conformal field theory are applied to show, that the constructed QFT's are dual to integrable deformation of O(N ) sigma-models.
Introduction
Duality is an important concept of modern quantum field theory. Examples of the dualities include: Kramers-Wanier duality of 2D Ising model, duality between sine-Gordon and Thirring models (bosonization), electric-magnetic duality in supersymmetric gauge theories, AdS/CFT correspondence etc. Known for many years, this phenomenon still looks rather mysterious and deserves further studies. The models which admit dual strong coupling description can be studied in a wider range of the coupling constant region. The phenomenon of integrability plays an important role in justification of the dualities. In this paper we introduce and study the duality between two class of integrable quantum field theories. The former corresponds to integrable deformation of the O(N ) non-linear sigma model, while the other to integrable QFT with Toda like interaction. For N = 3 this duality relates the so called sausage sigma-model [1] with special integrable perturbation of sine-Liouville conformal field theory (see [2] for review of this CFT and its integrable perturbations). The N = 4 cousin of this duality has been introduced and studied in [3, 4] . Here we provide a generalization for N > 4.
One can explain the origin of the duality studied here using the S-matrix formalism. Integrability in two-dimensional QFT puts strong constraints on scattering. In particular, it implies the property of factorization of multi-particle processes into the product of two-particle ones. The two-particle amplitudes are further constrained by integrability, global symmetries and conditions of unitarity and crossing. In particular, the S-matrix is forced to obey the Yang-Baxter equation. There are so called trigonometric solutions to the YB equation, which depend on a continuos parameter λ. At some value of this parameter λ = λ free the S-matrix becomes identical and it may exists a Lagrangian theory which describes the behavior near this free point. But it can be also another point λ = λ rat , where the S-matrix becomes the rational one. Usually, rational S-matrices with properly chosen CDD factors correspond to sigma-models on symmetric spaces. Near the point λ = λ rat the theory can be considered as a deformation of this sigma-model.
In these notes we consider trigonometric solutions to the YB equation related to the quantum affine group U q ( so(N )). Corresponding scattering matrix has both limits mentioned above. In one limit it tends to the rational one and coincides with the exact S−matrix for the O(N ) sigma-model [5] . On the other hand the same S-matrix degenerates to the identity matrix in another limit. The main result of this paper is the construction of the Lagrangian theory whose perturbative expansion describes the vicinity of this free point.
As we will see below, this later theory can be interpreted as a perturbed CFT. The corresponding CFT is governed by a certain W-algebra. Its universal enveloping algebra has a Cartan subalgebra which consists of an infinite number of local Integrals of Motion of odd spins. This integrable system is inherited in perturbed theory. In particular, it opens the possibility to study the finite volume spectrum using the conformal perturbation theory. From the other hand this CFT has a Lagrangian description which can be used to compute important characteristics of CFT called the reflection amplitudes.
The deformed sigma model can be studied within RG approach [6] . One can use this approach to compare with the data obtained from the Bethe Anzatz method from scattering theory. The agreement of both methods is another justification of the duality. One can study the short distance behavior within this approach and compute classical version of reflection amplitudes and compare them to the limit of exact expressions.
This paper organized as follows. In section 2 we introduce and study CFT of Toda type, which has hidden Lie algebraic structure. In particular, using free-field representation we compute reflection amplitudes in this theory. In section 3 we introduce QFT which can be treated as certain integrable perturbation of CFT studied in section 2. We claim that this theory describes scattering of particles with U q ( so(N )) trigonometric S-matrix and hence it can be considered as a dual theory for the deformed O(N ) sigma-model. In section 4 we make this relation more precise and derive the exact relation between the parameters of the Lagrangian and S−matrix. In section 5 we study sigma-models using RG approach and present solutions to Ricci flow equation corresponding to the deformed sigmamodels. In section 6 we perform computations in the so called minisuperspace approximation to confirm the identification of the deformed sigma-models with factorized scattering theory.
Conformal field theory, reflection amplitudes
In this section we consider CFT which has hidden Lie algebra symmetry and can be described by 2m massless bosonic fields {ϕ, φ} = {(ϕ 1 , . . . , ϕ m ), (φ 1 , . . . , φ m )}.
and parameters a and b, satisfying the condition
We introduce two m−dimensional vectors ρ and ρ 1 , which are the halves of sum of the roots of b(m) and d(m)
and the dilaton field
Then m pairs of "screening fields"
define CFT with the action
,m + V m,−m , and R 2 is the two dimensional scalar curvature of the world sheet. The central charge of this CFT is
and the primary fields are the exponential fields
with the conformal dimensions
These fields are normalized by the condition
In the space of the fields V A,B one can define the action of the Weil group w m of the Lie algebras b(m)(c(m)). It acts as V A,B → R s V Q+ s(A−Q),B , where R s is the reflection amplitude. The reflection amplitudes are the identification carts of CFTs, admitting bosonization. Two point correlation function which coincides with the "maximal" reflection amplitude (a → −a):
in the CFT (2.4) can be calculated using the integral relation [7, 8] 
where
and
To describe it we introduce the notations: e α are the positive roots of c(m), e α = 2e α /(e α · e α ) are the dual roots, e j the simple roots, and the vectors ω i satisfying the condition (ω i · e j ) = δ i j . Then the function R(a, b) can be represented in the form
The general reflection amplitude can be written as
We note that the reflection amplitudes are not only the "visit carts" of W −symmetries of the CFTs, but also play an important role for the calculation of vacuum expectation values of the exponential fields and UV asymptotics in the perturbed CFTs.
At the end of this section we note that the symmetry algebra of CFT considered above can be extended by the introduction of additional field φ m+1 , and the additional term to the action (2.4)
In next section we will consider integrable perturbed QFT's which can be viewed as perturbed CFT's (2.4) and (2.10).
Integrable perturbed CFT
In this section we consider QFTs, which can be derived from CFTs (2.4), (2.10) by neglecting the dilaton and adding the affine terms. Namely we denote
The notations are related with the property that U ev (ϕ, φ) correspond to QFT's dual to the deformed O(n + 2)−models with odd n = 2m − 1 and even n = 2m. As the non-local integrals of motion and S−matrices for these cases are slightly different we consider them separately. We give examples of local Integrals of Motion in appendix B.
The case n = 2m − 1
In the case n = 1, the potential U The QFT with the action
is known to be dual to the deformed O(3) sigma-model, or the sausage sigma-model. The scattering theory, TBA analysis and the metric of the corresponding deformed O(3)-sigma model can be found in [1, 3] . Besides the local Integrals of Motion this QFT has the non-local ones generated by the non-local fields J ± = e ±iφ/a (b∂ϕ + ia∂φ);
whereφ andφ are the chiral parts of fields ϕ and φ. To develop the perturbation theory for small b with the action (3.2) it is convenient to use 2D Mandelstam-Coleman correspondence [9, 10] between bosons and fermions
and rewrite (3.2) in the form
Here the last term in L B is the usual counterterm, which cancels the divergencies coming from the fermion loops. For odd n = 2m − 1 > 1 the theory with m "compact" fields φ and m "non-compact" fields ϕ is described by the action
It possesses the non-local integrals of motions generated by the fields
We note that the Integrals of motion J s constructed from the fields J s have the spins ∆ s = It is useful to rewrite the action (3.5) in the form convenient for the perturbation theory, using the boson-fermion correspondence (3.3). We denote
The potential term in this equation is the usual counerterm, which cancels the divergencies coming from fermion loops. The term L B is the Toda theory with affine the Lie algebra dual to affine b(m), which we callb(m). The spectrum of this Toda theory for small b 2 is M a = 2M 0 sin
The last particle and 2m fermionic particles ψ i , ψ * i , i = 1, . . . , m form the 2m + 1 = n + 2 multiplet which permits us to construct the scattering theory with the affine b(m) q symmetry.
The scattering theory for QFT with the action (3.8) contains n + 2 particles of the same mass M , which we denote {A i (θ)} and m − 1 "bound states" M a which disappear from the spectrum (as we will see later) for finite b 2 . The parameter θ in the scattering amplitudes is the difference of the rapidities of the colliding particles. The theory (3.8) has the U (1) m symmetry ψ i → e iη i ψ i , ψ * i → e −iη i ψ * and the C symmetry ψ i → ψ * i (and hence the PT-symmetry). It is convenient to numerate the particles
. We denote asj = n + 3 − j. The particles {A j , Aj}, form U (1) doublets, while the particle A m+1 is neutral. Factorized S−matrix with the affine b(m) q symmetry and with C, PT and crossing invariances has the form 9) and can be derived from the results of V.Bazhanov paper [11] . This S-matrix depends on a continuos parameter λ. It can be expressed in term of the unitarizing factor F (θ) satisfying the conditions 10) and the functions
(3.11) Namely up to the symmetries (3.9) the S−matrix has the following amplitudes
The function κ ij = κīj = −κ ji = −κī j , κ 11 = κ 1m+1 = 0 is defined as:
The solution of unitarity and crossing symmetry equations (3.10) in terms of the parameter p = 1 λ has the form
The comparison with perturbation theory gives p = 1 λ = 1 + b 2 + . . . In the limit p → ∞ the scattering matrix tends to the S−matrix of the O(n + 2)−sigma model.
The case of n−even, n = 2m
For even n = 2m the theory with m + 1 "compact" fields φ and m "non-compact" fields ϕ can be described by the action
It has the non-local integrals of motions generated by the fields
The Integrals of motion J s constructed with fields J s have the spins ∆ s = 1 a 2 ,s = 0, 1, . . . , m + 1. The integrals J 1 , . . . , J m+1 form the Borel subalgebra of the quantum group d(m + 1) q with q = e i2π/a 2 . The integral J 0 adds the affine generator. It means that QFT (3.14) possesses affine d(m + 1) q symmetry. We use Eq. (3.3) to rewrite the action (3.14) in the form convenient for the perturbation theory
.
The last term in equation (3.17b) is the usual counterterm, which cancels the divergencies coming from fermion loops. The term L B is the Toda theory with the affine Lie algebra c(m). The spectrum of this Toda theory for small
. . , m + 1 form the 2m + 2 = n + 2 multiplet which permits us to construct the scattering theory with the affine d(m + 1) q symmetry. We again denotej = n + 3 − j and numerate the particles
The scattering theory consistent with the perturbation theory, with U (1) m+1 and C, PT invariances and with the affine d(m + 1) q symmetry is
The function 
Non-perturbative consideration
In this Section we consider the cases of odd and even n in the same way. To derive the exact relations between the parameters of the action and of the scattering theory it is important to calculate the observables using both approaches. Our QFTs possess U (1)
] symmetry generated by the charges
One can add to the Hamiltonian of our QFT the terms −A i Q i with different parameters A i (chemical potentials). The simplest way to calculate the ground state energy using BA approach is to consider the configurations of the chemical potentials A i which lead to condensation of particles, which have the simple scattering amplitudes, namely the pure phases. In our scattering theories it corresponds the case when only one kind of particles is condensed. This configuration corresponds to A 1 = A and all other A i = 0. When A ≫ M we can neglect in the actions (3.8) and (3.17) all terms containing massive parameter M 0 and only the particle ψ 1 will condense. It means that for calculation of the density of ground state energy we can put all ψ i with i > 1 equal to zero. The action in this case coincides with the action of massless Thirring model:
At A → ∞ the ground state energy E(A) approaches the ground state energy of massless Thirring model with the coupling constant g = −
We calculate now the same quantity from the BA approach. For A > M we have the sea of particles ψ 1 (θ) which fill all possible states inside some "Fermi interval" −B < θ < B. The distribution of particles ǫ(θ) within this interval is determined by their scattering amplitude S 11 11 (θ) = −F n (θ). The specific ground state energy has the form
where the non-negative function ǫ(θ) satisfies inside the interval −B < θ < B, the BA equation
and the parameter B is determined by the boundary condition ǫ(±B) = 0. The kernel K(θ) in this equation is related to the ψ 1 ψ 1 scattering phase δ n,p (θ) (3.13) as
The Fourier transform K(ω) of this kernel has the form
The main term of the asymptotics of the function E(A → ∞) can be expressed explicitly through the kernel K(ω) by the relation [1]
Comparing (4.2) and (4.7) we find that 8) in agreement with perturbation theory. It means that for (1+ b 2 ) > n 2 the particles M a disappear from the spectrum. We see that at b → ∞, λ → 0 and the S−matrix (3.12), (3.18) tends to the scattering matrix of O(n + 2)− sigma model [5] . So it is natural to call our QFT as the dual theory to deformed O(n + 2)− sigma model.
The term E(0) in (4.3) is the bulk vacuum energy of QFT (3.8), (3.17) . It can be expressed through the kernel K(ω) by the relation
For small b the bulk vacuum energy will be
The first term here is the contribution of Toda potential term in (3.8), (3.17) and gives bosonic Toda particles with masses M a described above. The contribution from fermions and bosonic Toda particles can be easily calculated (we note that (for odd n) Toda particle has mass M and cancels the 1/2 of the contribution of one fermion). It is
4 sin 2 π a n log 4 sin 2 π a n (4.11)
The exact relation between the physical mass M and the parameter M 0 in the Lagrangian (3.8) can be calculated by the BA methods [12, 13] and has the form
It is easy to derive from (4.10), (4.11), (4.12) the agreement with the perturbation theory and the sum rule 1 2π
13) where ψ(z) = Γ ′ (z)/Γ(z). This simple calculation confirms the general fact that after introduction of the Toda potential counterterm our QFTs do not have the UV divergences.
For b → ∞ we rewrite
The second term oscillates around zero with period n/b 2 . It is reasonable to define the bulk ground state energy as the mean value over some interval much bigger then this period. With this definition we derive that bulk ground state energy of O(n + 2)-sigma model:
, what agrees with large n expansion.
The integral BA equation can be studied using the generalized Winner-Hopf method [14] . We can go further in the UV ( 14) where the functions
The generalized WH method gives an iterative procedure for calculation of the coefficients f (k) j in the UV expansion. All these coefficients can be expressed through the residues a m and b k of the function ρ(ω) = N (ω)/N (−ω), where N (ω) is the function analytical in the lower half plane which factorizes the kernel
Before considering the UV-asymptotics we say about non-perturbative terms which disappear in UV. The first such term
To understand the origin of this term we consider our action (3.5) or (3.14) with U (m)
ev (ϕ, φ). The external field A couples to the current j 0 = ψ * 1 ψ 1 = ∂ 1 φ 1 . One can find the first "non-perturbative" correction to the function E(A) expanding path integral near the massless point µ = 
For example the first coefficient is
, where p ′ = p + n/2 − 1. The next coefficients also can be found. The calculation simplifies drastically in the scaling limit p → ∞, log 
In this limit the BA equations simplify and admit the exact solution. Corrections to the scaling behavior also can be systematically developed. Here we quote the scaling limit of E(A) together with leading correction 17) corresponds to one loop sigma-model metric. The next term should appear in the two-loop approximation. In the limit p → ∞ we recover the result of [15] for O (n + 2) sigma model. The function E(A) can be also calculated for n ≫ 1, p ≫ 1 with p n fixed, and arbitrary A M > 1 [12] . In this case it can be written in the parametric form
(4.18) For n p ≫ 1, weak coupling, we derive from these relations
This function corresponds to almost free fermionic ground state energy. In the strong coupling limit p n ≫ 1 we derive
that coincides with scaling approximation.
Ricci flow
The non-linear sigma models (SM) in two space-time dimensions are widely used in QFT as well as in relation with string theory. They are described by the action
where X i are coordinates in d−dimensional manifold called target space and symmetric matrix G ij (X) is the corresponding metric. The terms denoted by . . . can include topological terms, dilaton, B field and higher forms consistent with the metric. The standard approach to two dimensional SM is the perturbation theory. If the curvature is small one can use the following renormalization group (RG)-evolution equation [6] . Let t be the RG time (the logarithm of the scale) which tends to t → −∞ in the UV limit and t → ∞ in the IR. Then the one loop RG evolution equation reads
where R ij is the Ricci tensor for the metric G ij . In the case when the theory is not P and T invariant but only PT invariant this equation contains additional terms, related with B− field.
The analysis of this equation shows [16] that in general the non-linear evolution equation is unstable in the sense that even if one starts from manifold of small curvature everywhere at some scale t 0 , under evolution in both directions t → ±∞ the metric G ij (t) develops at least some regions where its curvature grows and (5.2) is no more applicable. If it happens in the UV direction t → −∞ the action (5.1) does not define local QFT. However, special solutions exist where UV direction is stable and curvature remains small up t → −∞, permitting one to define the local QFT (at least perturbatively). For example, if we have homogeneous symmetric space, its metric grows in the UV and curvature monotonously decreases and we are dealing with an UV asymptotically free QFT unambiguously defined by the action (5.1). Very interesting class of solutions of Ricci flow equation form the solutions related with deformed symmetric spaces. The simple examples of such solutions are considered later. The asymptotic of solutions of Ricci flow equations at t → −∞ correspond to the fixed points of Ricci flow. They are more symmetric and subject to methods of CFT.
To study the large distance physics one should find a suitable approach. The quantum integrability is one of the most successful lines in studying of non-critical SMs. The quantum integrability and global symmetries of metric are manifested in the factorized scattering theory (FST) of corresponding excitations. The FST is rather rigid and its internal restriction does not permit a wide variety of consistent constructions. The FST contains all the information about background integrable QFT. The methods of integrable QFTs allows one to compute some off-mass-shell observables on the base of FST. In the UV region these observables should be compared with that's follows from SM (5.1). If they match non-trivially in the UV region it naturally suggests the chosen FST as the scattering theory of integrable SM. Moreover, one can use the FST as a non-perturbative definition of the SM.
In this Section we consider the exact solutions of Ricci flow equations, namely the cases n = 1 (sausage model [1, 2] ) and n = 2, corresponding to the deformed spheres S 2 and S 3 and provide a generalization for n > 2.
The case n = 1. It is convenient to use coordinates different from the ones used in [1, 2] . These coordinate are more convenient for study the cases S 2 and S 3 at the same foot. In the first case the target space is two dimensional and we introduce coordinates X 1 = ϑ, where −π/2 ≤ ϑ < π/2 and X 2 = χ, 0 ≤ χ < 2π. The metric which solves the Ricci flow equation (5.2) in these coordinate has the form
Here and later u = ν(t 0 − t) and ν plays the role of deformation parameter. For small ν we can use the perturbation theory in renormalization group (RG) equations. Here we use the main order approximation which is valid for small ν. At ν → 0 our metric tends to the metric of S 2 . For u ≫ 1 the surface with the metric (5.3) embedded into three dimensional space looks like a long sausage [1] .
The case n = 2. In this case we introduce the coordinates X 1 = ϑ, where 0 ≤ ϑ < π and X 2 = χ 1 ,
The metric corresponding to the solution to (5.2) in these coordinate has the form [3] 
where k 2 1 = 2 sinh 2 u cosh 2u . At ν → 0 this metric tends to the metric of S 3 . At u ≫ 1 the manifold with the metric (5.4) looks as the product of the sausage and the circle of radius 1/ν.
The case n > 2. Starting from n = 3 the theory lacks P and T symmetry, but has only PT symmetry. It means that the non-zero B-field should obligatory appear in the action. As an example, consider the case of n = 3, which corresponds to the deformed sphere S 4 . We introduce the coordinates X 1 = ϑ 1 , X 2 = ϑ 2 , where −π/2 ≤ ϑ 1,2 < π/2 and X 3 = χ 1 , X 4 = χ 2 , 0 ≤ χ 1,2 < 2π. Then the metric and the B-field are given by
The metric (5.5) and the B−field (5.6) satisfy modified Ricci flow equations
provided that the vector V i and the one-form ω are given by
and the coupling κ = κ(t) satisfies differential equatioṅ
Differential equation (5.8) has a solution κ = tanh 3u. We note that that acting with t-dependent diffeomorphism and making the gauge transformation, one can always reduce modified Ricci equation (5.7) to the more standard form where the vector V i and the one-form ω vanish. In the limit ν → 0 the metric (5.5) approaches the metric of the round four-sphere, while the B−field, the vector V i and the one-form ω tend to zero.
It is interesting to apply T −duality transformation to the χ 2 isometry direction. The B−field will vanish, while the metric become complex and will take the form
This metric satisfies
with the dilaton field
We note that the metric (5.5)-(5.6) and the dual metric (5.9) appear also in [17, 18] . The metric in [17, 18] has been derived from the general construction suggested in [19, 20] .
Minisuperspace considerations
Here we perform some calculations to support the identification of QFT's described by the SM's (5.3), (5.4) and (5.5)-(5.6) with the FST's (3.12), (3.18). First we study the infinite volume specific vacuum energy E(A) in the constant external field A. The action (5.1) is invariant with respect to global axial rotation X 2 → X 2 + ζ for n = 1 and n = 2. It means that we can couple our QFT's with constant field A by transformation ∂ 0 → ∂ 0 − iA. This field introduces the scale and we can assign
To ensure the validity of our one loop action we go to the scaling limit ν → 0, A M → ∞ with the scaling variable u = ν log A M fixed. The ground state energy E(A) is equal to the minimum of the density of the action (5.1) with ∂ 0 → ∂ 0 − iA. This minimum is achieved at ϑ = 0 and is equal to
The same result is valid for all n. The next (two-loop) correction is of relative order ν log ν.
Comparing this result with (4.16) and (4.17) derived from BA equations we find that in the scaling limit they coincide and
and we see that loop expansion is the strong coupling expansion for our QFT's. The second observable that we consider is the energy levels E i (R) of our SMs at the circle of length R. It introduces the scale (t 0 − t) = log 1 RM . In the UV scaling regime: − log(RM ) → ∞, ν → 0 such that u = −ν log(RM ) is finite, our one-loop approximation is exact up to O(ν log ν). In this approximation we can use minisuperspace approach to calculate the UV corrections to Ground State Energy E 0 (R), effective central charge E 0 (R) = − π 6R c(R) and to the energies E i (R) of the exited states. It was in shown in [1] that these values can be expressed throw the eigenvalues of the covariant operatorĥĥ
where ∇ 2 t is the Laplace operator and R t is the scalar curvature in the SM metric renormalized at the scale R. Then with the accuracy ν log ν
Operatorĥ is self-adjoint with respect of scalar product with the SM metric
where coordinates x i can be considered as the zero modes of fields X i . It is easy to see that operator h depends only on the scaling variable u = −ν log(RM ). It means that the eigenvalues e i (R) scale as νe i (u). Here we consider the cases n = 1, 2 separately.
The case n = 1. We can search for the solution Ψ = e ix 2 m Ψ m . After the substitution
with the modulus of elliptic Jacobi function s 2 = tanh 2 u the minisuperspace equation can be written in the Lamé form
where e m,j (R) = νκ m,j (u) and the boundary conditions for the solutions are: 
It is interesting to calculate the first corrections to the levels at small u
We see that three first levels (corresponding to three particles in IR) with the quantum numbers j = 1, m = ±1, split moving to UV. We consider now another limit u ≫ 1, s 2 → 1, K ≃ u + log 2. In this limit the potential V (z) in the Lame equation with exponential accuracy looks as
We parametrize κm,n 6 = m 2 + 4p 2 . Then in the middle one can neglect the potential term and ψ m is the plane wave solution. At the left and right ends z ∼ 0, z ∼ K the equation can be solved exactly in terms of hypergeometric functions F (A, B, C, z)
The corresponding solutions (6.8) are specified by the reflection amplitudes
Matching the solutions in different domains with a plane wave in the middle we derive
In particular, the effective central charge c(R) = 2 − e 0 (R) is
The relative correction to c(R) is of order 11) where the potential term U m 1 m 2 (z|s ′2 ) is
with the modulus of elliptic Jacobi function s ′2 = tanh 2 2u. We note that the potential
, the equation (6.11) can be solved
and with
(6.12)
In this case due to the symmetry of the potential we have no the splitting of the levels with quantum numbers j = 1, m 1 = ±1, m 2 = ±1.
We consider now the limit u ≫ 1, s ′2 → 1,
2 log 2. In this limit the the potential U m 1 m 2 (z|s ′2 ) in the Lame equation with exponential accuracy looks as
(6.13)
We parametrize κm,n 6 = m 2 1 + m 2 2 + 4p 2 . Then in the middle one can neglect the potential term and ψ m 1 m 2 is the plane wave solution. At the left and right ends z ∼ 0, z 1 ∼ K 2 the equation can be solved exactly in terms of hypergeometric functions
14)
and the solution ψ (r)
m 2 m1 (z 1 ). These solutions are specified by the reflection amplitudes
In particular, the effective central charge c(R) = 3 − e 0 (R) is
The relative correction to c(R) is of order log b 2 b 2 . The numerical calculation of this function from TBA equations derived in [4] has been done by E. Onofri.
The case n = 3. In this case the metric depends on two variables and calculations becomes more involved. Even in the previous cases the minisuperspace equation for the Ricci flow of the levels could be solved only numerically. However the most interesting information which can be studied analytically, comes from the UV limit u → ∞ of these equations (for small u ≪ 1 the spectrum can be derived by usual perturbation theory in u 2 ). To derive the conformal limit of the metric and the B−field it is useful to use the method of contraction. At u → ∞, κ(u) = tanh 3u → 1. We introduce the parameter δ/2 = 1 − tanh 3u → 0 and make the rescaling of variables ϑ 1 → √ δϑ 1 , ϑ 2 → √ δϑ 2 tending δ → 0. As a result the action can be written in terms of two complex scalar fields (ν k = ϑ k e iχ k )
The generalization of this action for arbitrary odd n = 2m − 1 will have the form
For even n = 2m we should add one free field real field ν 0 and the term
to the action. The actions (6.17), (6.18) possess besides the metric part also the B−field term, which modifies the minisuperspace equation (6.2) . With this term this equation will have a form (6.19) where the 3-form H is defined throw two form B as H = dB.
In this paper we consider the relation between CFTs (2.4) and (6.17) for k = 2. Namely, we conjecture that they are dual. For k = 1 we have the known duality between Sine-Lioville and Witten black hole CFTs. For k = 2 we show that the reflection amplitudes of these CFTs coincide in the minisuperspace approximation.
It is convenient to parametrize the continuous spectrum (in the conformal limit) spectrum of the (6.19) as e i 6 = P 2 +Q 2 . The function Ψ i (det G) 1/4 which are integrated with trivial measure we denote as Ψ P,Q .
The Weyl group w 2 of the Lie algebra of C 2 contains 8 elements and acts to the parameters P and Q as independent transformations P → ±P , Q → ±Q, and P ↔ Q. We denote P s , Q s the components of vector (P, Q) after the action of the elementŝ ∈ w 2 . For small ν 1 , ν 2 the action (6.17) is close to the action of free fields. We parametrize ν 1 = e x+iχ 1 , ν 2 = e y+iχ 2 . The dependence on χ 1 and χ 2 is rather trivial, it leads to the multiplication of the wave function by the factor e im 1 χ 1 e im 2 χ 2 . To simplify the notations and equations we consider here the "isotopic symmetric" sector where Ψ P,Q = Ψ P,Q (x, y).
In the "Weyl chamber" x, y, y − x ≪ 0, the function Ψ P,Q (x, y) can be represented as the Weyl superposition with numerical coefficients of functions Ω Ps,Qs , where the function Ω P , Q is
All coefficients r n 1 ,n 2 ,n 3 can be derived from the results of appendix A. The coefficients A(P s , Q s ) before the functions Ω Ps,Qs (x, y) in the Weyl sum are directly related to the reflection amplitudes R (cl) s (P, Q), which are the special limit of the quantum reflection amplitudes (2.7), (2.8). Namely in the limit b → ∞, we set ba = b(a 1 , a 2 ) = (iP, iQ). In isotopic symmetric sector we should put also b = 0.
The statement is that function Ψ P,Q (x, y), written in the symmetric form
has correct properties if and only if A(P, Q) = A (cl) (P, Q). We show this in appendix A.
We considered here the conformal limit of (6.19) . However using this result we can derive the asymptotic of the energy levels for large values of b 2 and log( 1 mR ) as it was done in [21] . Using the method based on reflection amplitudes we derive that in the isotopic symmetric sector the asymptotic of the levels depends on two quantum numbers and has the form e n 1 ,n 2 (R) = 3π 2 b 2 (5 + (n 1 + n 2 )((n 1 + n 2 ) + 3) + n 2 (n 2 + 1))
At the end of this Section we discuss the QFT with the T −dual metric (5.9). It is the solution of Ricci flow equations with κ(u) satisfying the equation (5.8). We can take κ(u) = coth 3u. As it was shown in [2] (for n = 1, and is valid for any n), besides integrable QFT with the action (3.5) we can consider another integrable QFT with the action where for every pair {e iaφm+bϕ m−1 , e −iaφm−bϕm } we can introduce the "dual" fieldφ m : ∂ αφm = ε α,β ∂ β φ m . The corresponding action will be well defined only if the terms e iaφm+bϕ m−1 and e −iaφm−bϕm in the pair {e iaφm+bϕ m−1 , e −iaφm−bϕm } will be mutually local. It happens if 2a 2 = p, where p is an integer.
For p ≫ 1 the one loop approximation to the SM representation with the T −dual metric works and corrections are of order 1 p log p. In the UV limit κ(u) = coth 3u = 1 + δ 2 . We take the local coordinates
(6.22)
We note that with this metric we derive exactly the same equation to the function Ψ P,Q (in this case B = 0 and term H 2 disappears) but only in the isotopic symmetric sector.
In the IR limit coth 3u = −(1 + δ 2 ) and we take the local coordinates ϑ 1 → √ δϑ 1 , ϑ 2 → √ δϑ 2 and derive
and we see that now coordinates change in the finite domain and minisuperspace equation has the discrete spectrum. It means that we have the RG flow from UV to other critical critical point in the IR, which is described by rational CFT. This phenomenon was discussed in details in [2] for the case n = 1. Here we discuss this situation in the Concluding Remarks.
Concluding remarks
In this Section we discuss some important points which were missed in the main body of the paper.
1. In the expansion for the specific ground state energy in the external field A (4.14) we had two types of contributions: the "non-perturbative" terms M A 2nk and "perturbative" ones M A nj (p+n/2−1) . The origin of the "non-perturbative" terms can be easily explained from the actions (3.5) and (3.14) expressed in terms of fields (ϕ i , φ i ). The perturbative can be easily explained in the dual SM representation for our QFT. The appearance of "non-perturbative" terms in the SM representation was established in details in [1] for the case n = 1 (sausage model), where they were related with k−instantons contributions which had the topological origin. For arbitrary integer n > 1 we have no topological arguments, but the action of the deformed O(n + 2) SM always contains the part corresponding to sausage model. It means that we have the particular solutions corresponding to embedding of k−instantons solutions. The SM action on these solutions gives "non-perturbative" contributions to the observables in the SM-representation.
2. The W − algebra commuting with screenings (2.3) depends on one continuos parameter b (a = √ 1 + b 2 ). It is non-rational CFT with continuos spectrum and central charge (2.5). It is natural to identify it with the W −algebra of the coset
The weak coupling in our perturbed CFT corresponds to K close to n and the strong coupling to K ≫ n. The strong coupling asymptotic can be described by the SM-representation of our QFTs. The conformal limit of these QFTs (6.18) gives us the SM -representation for the coset (7.1). For positive and integer −K = k the coset CFT (7.1) is the rational CFT with discrete spectrum. For large k the low part of its spectrum is
where r n is the rank of O(n + 2) and j m ≥ j m+1 , i m ≥ i m+1 , j m ≥ i m .
It was shown in [22] that
coset models (the example of level-rank duality). The W − algebras, its representations and minimal models corresponding to the
cosets, where constructed and studied in [23, 24] . We call them W (O(k))-algebras. The minimal models of these algebras are specified by the level n + 1 and integer p = n + k − 1. The spectrum of dimensions of primary fields Φ (Ω|Ω ′ ) in these models is characterized by two highest weights of the Lie algebra O(k), Ω and Ω ′ , satisfying the conditions −Ω · e 0 ≤ n + 2, −Ω ′ · e 0 ≤ n + 1 and is
It is easy to check that the low lying spectrum (7.2) coincides with (7.3)). We see that the parameter b 2 = −k − n, of W − algebra studied in section 2 is now imaginary (a 2 = −k − n + 1). It means that our W −algebra can be considered as "horizontal" W − algebra of W − algebra W (O(k)), i.e. in our case the rank changes and level is fixed.
The minimal models of
W −algebras can be used for the analysis of O(n + 2) SMs. It was shown in [25, 26] for n = 1 and in [27] for all n that these SMs can be derived as the limit k → ∞ of these minimal models perturbed by the field Φ (0|ω 1 ), where fundamental weight ω 1 corresponds to the vector representation.
The appearance of minimal models of
with fixed level depending on n, which are established by our W − algebra is rather natural. The analysis of minisuperspace equations for T − dual metric (to deformed O(n + 2)−SM metric) shows that in the conformal limit they have the discrete spectrum, which coincides with (7.2)) up to 1 p . It means that corresponding CFT flows from UV critical point to IR critical point, which is described by minimal models (7.3)), where p = n + k − 1. When we have such RG flow in the minimal models should be the receiving Φ R operator for this flow. The perturbation with this IR relevant field Φ R should be integrable. The analysis of integrable IR perturbations shows that only possible such field is Φ(2ω 1 |0) with dimension 1 + n p+1 . With this field we can develop the IR perturbation theory adding to the action of CFT the perturbation λΦ(2ω 1 |0). The exact relation between the parameter λ and the mass M can be derived by BA-method [12, 13] and is
With this relations we can calculate the IR corrections to observables. In particular the first correction to the central charge of our QFT at the circle of length R will be
This exact result can be compared with numerical analysis of non-linear integral equation following from scattering theory data.
4. The integrable perturbations to the CFT (3.1) considered in this paper are not unique. We can add to the action (2.4) also the terms with integrals with fields µ 1 e bϕn or µ 2 e 2bϕn . At b ≪ 1 we can transform these CFTs to the form convenient for perturbation theory in b as it was done in section 3. At b ≫ 1, these CFTs will have the dual representation with SM UV action (6.18) together with the potential terms M 2 U i (χ 1 /b, . . . χ k /b), i = 1, 2. This theory can be studied by perturbation theory in 1 b . The explicit form of functions U i and the factorized scattering theory for these QFTs we describe in other publication.
This equation does not admit the separation of variables but it is useful to represent the solution in the form convenient for the analysis outside of "Weyl chambre". We will search the solution in the form R(X, Y ) = F (Y /X, Y ) 2 F 1 (a P , a P , 2a P , −X) − 1 a −P G(Y /X, Y ) 2 F 1 (a P − 1, a P , 2a P , −X), We note that Z = Y X = e −x+y ≪ 1 is in the "Weyl chambre". We write our functions in this region as
Then the solution to (A.1) and (A.2) can be expressed through two functions F 0 (Y ) = 4 F 3 (a Q , a Q , a Q , a Q |2a Q , a Q + a P , a Q + a −P | − Y ), (A
and G 0 (Y ) = 4 F 3 (a Q , a Q , a Q + 1, a Q + 1|2a Q , a Q + a P + 1, a Q + a −P + 1| − Y )a 2 Q a P a −P × × ((a Q + a P + 1)(a Q + a −P + 1)) The contour C for Re a i > 0 goes from −i∞ to i∞ including point s = 0. The asymptotic of the function Ω(P, Q|X, Y ) = X iP Y iQ R(P, Q|X, Y ) in the region X ≫ 1, Y ≫ 1 can be derived using (A.7). Namely function depending on X X iP 2 F 1 (a P , a P , 2a P , −X) = 1 X 1/2 Γ(1 + 2iP ) Γ 2 ( .
The functions F n , G n with n > 0 have the asymptotic
where the constants f n and g n can be easily derived from (A.5), (A.6). We see that the function Ω P,Q (x, y) contains logarithmic terms and the dangerous for normalizability term, coming from the function 2 F 1 (a P , a P , 2a P , −X). However in the sum of the functions Ω Ps,Qs (x, y) (s ∈ w 2 ) over the Weyl group w 2 with coefficients A (cl) (P s , Q s ) (and only with these coefficients) all logarithmic and dangerous terms dissapear and Weyl invariant function Ψ P,Q (x, y) 
